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Abstract--This is a fundamental study of the Prandtl number effect on the natural convection flow within 
an enclosure subjected to intermittent heating from the side. Previous studies, considering an enclosure 
filled with fluid or with a fluid saturated porous medium having a Prandtl number equal to seven, have 
demonstral:ed the existence of convection resonance when the heat pulsating frequency approaches the 
natural flow frequency of the system. The natural frequency of the flow can be well estimated using a 
general theory valid for fluid systems and for fully saturated porous medium systems. The results presented 
here test the validity of the theory for estimating the resonance frequency of systems with different Prandtl 
number. Numerical simulations confirm the existence of a preferred (resonance) heat pulsating frequency 
that compares well with the theoretical estimates. They also indicate that natural convection resonance is 
smoothed (damped), for the same Rayleigh number and the same Darcy number (in the case of a porous 
medium), when the Prandtl number increases or decreases from the value Pr ~ 1. Analysis of the theoretical 
model, in line with the numerical results, indicates that the resonance frequency of a fluid or a porous 

medium system varies with Pr ~/2. Copyright © 1996 Elsevier Science Ltd. 

BACKGROUND 

A very important  natural thermal process is the radi- 
ation heating and cooling of  the Earth. This large scale 
transient process affects several transport phenomena,  
from atmospheric (wind) currents to convection in 
local fluid reservoirs (lakes). The multitude of  nat- 
urally occurring time dependent (oscillatory) thermal 
systems should justify the recent interest in this par- 
ticular area of  research. Moreover,  there are other 
thermal systems and processes of  artificial (man made) 
character (e.g. heat storage systems, materials process- 
ing, lasers, electronics) that can benefit from this fun- 
damental  researc]~ effort. 

A particular class of  oscillatory thermal systems is 
that of  fluid savarated porous enclosures (building 
insulation, grain storage silos, heat storage systems, 
etc.). Only a small number of  studies published in the 
archival literature considered this class of  systems. 
The studies by Caltagirone [1], Chhuon and Cal- 
tagirone [2] and Rudraiah and Malashetty [3] dealt 
with stability or onset of  convection in a fluid satu- 
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rated porous medium layer under periodic vertical 
temperature gradient. The corresponding supercritical 
(convection) regime was investigated by Kazmierczak 
and Muley [4]. Nield [5] investigated the onset of  
convection in a fluid saturated porous medium under 
time-periodic volumetric heating. 

The case of  periodic horizontal heating was studied 
by Antohe and Lage [6] focusing on the natural con- 
vection resonance within a porous enclosure under a 
fixed amplitude heating. Their  numerical simulations, 
for Pr equal to seven, covered a wide range of  input 
heat frequencies with the Darcy number  varying from 
10 -2  to  10 -6  and the Rayleigh number varying from 
10 6 to 1012 . 

The work was later extended by Antohe and Lage 
[7], where the heating amplitude effect on the res- 
onance frequency was unveiled. They also presented 
a general theory for predicting the resonance fre- 
quency of  a fluid or of  a fully saturated porous med- 
ium system, based on scale analysis. The theory was 
demonstrated to be an efficient tool for narrowing the 
frequency range of  interest for the numerical simu- 
lations. Their results indicated a reduced response of  
a porous system to oscillatory heating as the solid 
matrix becomes less permeable, the response being 
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NOMENCLATURE 

A nondimensional heating amplitude, fl 
Fig. 1 

Da Darcy number, equation (7) A 
f, F dimensional and nondimensional 

frequencies, F = (2Et)- 1 q~ 
9 acceleration of gravity [m s -z] 2 
H enclosure height [m] 
i iteration index # 
I Forchheimer inertia coefficient, v 

equation (8) 0 
L enclosure length [m] 
J viscosity ratio, equation (6) p 
k thermal conductivity [W m -1 K J] z 
K permeability [m z] 
Nu mid-plane averaged Nusselt number, f~ 

equation (9) 
p, P dimensional and nondimensional 

pressures, equation (5) 
Pr Prandtl number, equation (7) 
q", Q" dimensional and nondimensional heat 

fluxes, Fig. 1 and equation (8) f 
Ra Rayleigh number, equation (8) h 
t time [s] H 
T temperature [K] f 
u, v horizontal and vertical seepage m 

(Darcy) velocity components, Fig. 1 M 
[m s- 1] max 

U, V nondimensional horizontal and opt 
vertical velocity components, equations p 
(5) s 

x, y horizontal and vertical coordinates, 
Fig. 1 [m] ss 

X, Y nondimensional horizontal and v 
vertical coordinates, equation (5). 0 

isobaric coefficient of thermal 
compressibility [K 1] 
difference 
dummy variable, equation (15) 
porosity 
volumetric specific heat ratio, 
equation (7) 
dynamic viscosity [kg m-i  s-i] 
kinematic viscosity [m 2 s-J] 
nondimensional temperature, 
equation (6) 
density [kg m -3] 
nondimensional time, equation (6) 
auxiliary function 
nondimensional heating half-period 
streamfunction. 

Subscripts 
D porous modified 

fluid 
high-heating regime 
heated wall 
low-heating regime 
reference value 
mid-vertical plane 
maximum Nu amplitude value 
optimum (resonance) frequency 
solid porous matrix 
porous medium (fluid and solid 
matrix) 
steady state 
flow 
initial. 

Greek symbols 
thermal diffusivity, equation (7) 
[m 2 s 1] 

Superscripts 
(-) surface averaged. 

undetectable when Da <~ 10 -6, within the Ra range 
investigated. 

Lage and Bejan [8] discussed briefly the effect of 
oscillatory heating an enclosure filled with different 
Prandtl number fluids. We now extend the analysis to 
the fully saturated porous medium case with the main 
objective of testing the validity of the theoretical 
model presented by Antohe and Lage [7] for esti- 
mating the resonance frequency of systems with 
different Prandtl numbers. 

FORMULATION 

Consider an isotropic, rigid, porous medium square 
enclosure filled with a Newtonian fluid. The top and 

bottom surfaces of the enclosure are adiabatic and 
one wall is maintained at a constant temperature, 
equal to the initial temperature (To) of the quiescent 
fluid and solid matrix. A constant and uniform heat 
flux (q") is imposed to the opposite wall. After an 
initial evolution of the system to a steady state, the 
heat flux starts to pulsate around its initial value fol- 
lowing a square (high/low) wave of fixed amplitude 
(Aq~) and frequency (Ath+At¢) -1 (Fig. 1). The evol- 
ution of the system, assuming the Oberbeck-Bous- 
sinesq approximation and local thermal equilibrium 
between the fluid and the solid matrix, is governed by 
the nondimensional, time dependent, general con- 
servation of mass, momentum and energy equations 
(Antohe and Lage [7]), written in Cartesian coor- 
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Fig. 1. Enclosure filled with fluid or with fluid saturated 
porous medium, bouadary and initial conditions, and pul- 

sating heat parameters. 

dinates, respectively : 

OU c~V 
f f ~ +  f f ~ =  0 (11 

DU ~3P +(oPrJV2U_dpz ~._~(U2 + VZ)t/zU 
Dz OX 

DV 
Dz 

__(~2 Pr 
Faa u (2) 

OP I 2 ay t-~Pr~:V-ck~a (e + V:)*/:V 

--c~ 2 er  V+ckeRaPrO (3) 
Da 

2 O0 dO v~O 
dpOz + U ~ +  ff-~= V20, (4) 

and appropriate boundary conditions (the thermal 
boundary conditions and the initial conditions are 
shown in Fig. 1; the continuity and momentum 
boundary conditions are the nonslip and impermeable 
conditions at the solid surfaces). 

Lage [9] showed that the transient decay time of the 
convective momentum transport in porous media is 
proportional to Da/(gpZPr) for Darcy flow, and to 
Da3/a/(c~3/2RaDPr) 1/2 for Forchheimer flow. Then, 

when considering systems with high Darcy number 
values, the transient flow inertia term should not be 
neglected apriori. The nondimensional variables, with 
corresponding dimensional quantities listed in the 
nomenclature, are : 

(x, y) (u, v) 
(X, Y) - H (U, V) = as/H 

p (~2H2 
= (p + pfgy) pfa~ (5) 

0 -  T--T0 z -  J = - -  (6) 
q'~n/ks dpn2 /a~ I~ 

2 - -  
(pC)s v ks K 

e r = - -  as-- Da=_-s7~ (7) 
(pc) f as (pc)f H A 

Ra gflq'~H4 I - - -  = 1 7 5 (  Da ~1/2 e" q" 
vask~ " \ ~ J  q•" 

(8) 

Our interest is restricted to the oscillating heating 
process so the dimensionless time is shifted to zero 
when the pulsating regime starts (t~s is the warm-up 
time of the system to reach steady state at the end of 
the initial regime, Fig. 1). Parameter J, equation (6), 
accounts for the effective viscosity of the fluid satu- 
rated porous medium, Cheng [10]. The expression for 
the inertia parameter, L shown in equation (8), follows 
the Ergun [11] model. Observe that the Navier-Stokes 
equations and the energy fluid equation are recovered 
from equations (2)-(4) by simply setting Da ~ ~ ,  
q~ = ~, --- J = 1, and substituting all the porous med- 
ium properties ()s by the corresponding fluid proper- 
ties ()f. 

Notice that the Rayleigh number defined in equa- 
tion (8) is based on a reference value of the pulsating 
heat flux, q". The instantaneous time dependent Ray- 
leigh number is then equal to Ra Q". A porous modi- 
fied heat flux based Rayleigh number, Rao, is defined 
as equal to Ra Da. 

Here, the nondimensional heat pulsation amplitude 
A is kept at 40% of the reference value. Therefore the 
system is always being heated at the heating wall, but 
with time-varying heating intensity. We set equal high- 
heating and low-heating time intervals, f~h = f2~r = fL 
SO the nondimensional heat pulsating frequency is: 
F =  I/(2D). We note in passing that the simplified 
(boundary layer) analysis presented by Vargas and 
Bejan [12] indicated that equal high heating and low 
heating periods optimize the heat transfer process of 
pulsating heat along a vertical surface. According to 
the definition of dimensionless time, equation (6), and 
Fig. 1, the dimensional high-heating and low-heating 
time intervals are, respectively: (Ath, A0) = (Oh, f~<) 
~b/-f/cts, for the porous medium case, and (Ath, 
At<) = (f~h, I)<)H2/ctf, for the fluid case. 

The representative parameter for monitoring the 
convection strength inside the enclosure is the instan- 
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taneous surface-averaged heat transfer rate across an 
imaginary vertical plane positioned at the mid-dis- 
tance from the vertical surfaces of the enclosure, q;~. 
The corresponding nondimensional quantity is 

q;;, a0 
NU = q,~= fol ( U o -  ~)x=L/(zmdY. (9) 

THEORETICAL ANALYSIS 

The parameter space of the present problem is large. 
Even considering a specific case, fixing all parameters 
but the heat pulsating frequency, the probability of 
choosing an input heat frequency near the resonance 
frequency is very small. It is obvious that any analysis 
leading to a reasonable estimate of the resonance fre- 
quency is welcome. A theoretical representation of the 
flow wheel frequency, fv, was introduced by Antohe 
and Lage [6] for clear fluid and porous medium con- 
figurations, assuming a single fluid circulating speed 
(valid during a complete heating cycle) based on the 
cycle-averaged Rayleigh number. Their approach 
led to a simple closed-form estimate of the resonance 
frequency. 

A more consistent and general theory was 
developed by Antohe and Lage [7] recognizing that 
different fluid circulating speeds are induced during 
each heating interval. The corresponding cycle-aver- 
aged velocity is different than the velocity induced 
by the cycle-averaged Rayleigh number (the velocity 
scale is a nonlinear function of the Rayleigh number). 
Although more laborious, this approach was shown 
to yield more accurate estimates of the resonance fre- 
quency by including the heating amplitude effect (the 
result presented by Antohe and Lage [6] is inde- 
pendent of the heating amplitude). The extra effort is 
translated, eventually, into fewer numerical simu- 
lations for establishing the precise resonance fre- 
quency of the system. 

Their theory is fundamental because it provides 
some guidance to the task of pinpointing the res- 
onance heating frequencyfopt. Only the results of their 
derivation are presented here, the details can be found 
in Antohe and Lage [7]r The basis of their analysis is 
the physical principle that resonance can be induced 
in vibrating systems when the forcing (heating) fre- 
quency, f,  coincides with the natural frequency of the 
system, fv. The natural frequency of our present 
system, in nondimensional form, is the flow wheel 
frequency related to the fluid velocity scale during 
each heating interval as : 

1 Vh+Vt 
Fv -- (f~h + f~t) 4 1 + 

Each velocity can be obtained from the momentum 
equation in scale form, for a fluid saturated porous 
medium system : 

V~,r [ 1 + 49 J Pr~ (Pr) + O. Da 1/2143491/2.1j 

I l + ~ - J P r ~ ( P r ) +  Da J + vh,< HS~,< o.. ,< 

--492RaPr~(Pr)-I/2ffH,,< ~ 0 (11) 

and for a clear fluid system 

Vz'e[I+Pr (Pr)]+VheFI +LPr (Pr)I ' l ' . , <  

--RaPr~(Pr)-'/2GHh.< ~ 0 (12) 

with ~(Pr) equal to I for Pr i> i, or to Pr i for Pr <~ I. 
When combined with the heating wall temperature 
scale (Antohe and Lage [7]), for a porous medium : 

03  L 15 ff, h.< ~ 2.3449 ~(Ra,,<Pr)- ' Da -1'1° (13) 

and for a clear fluid medium 

L 1'5 ~(pr)l/5 (14) firth,< ~ ~ Rah-,< / 

where here the high-heating and low-heating instan- 
taneous Rayleigh numbers, Rah and Rae, are equal 
to (I+A/2)Ra and (1--A/2)Ra, respectively (note: 
Rah,< = RaQ~,<). 

Equation (10) and equations (11) and (13) for a 
porous medium, or equations (12) and (14) in the case 
of a clear fluid system, form a system of algebraic 
and coupled nonlinear equations in the unknowns 
Fv = 1/(2f~), Vh and Ve. The system of equations is 
solved numerically for each particular set of 
parameters. Within the parametric range considered 
here, the numerical solution of the system of equations 
leads to four real solutions. Two of them are negative 
and are immediately discarded. The correct answer, 
the resonance frequency Fopt, is selected among the 
remaining two by enforcing the positive velocity scale 
requirement (the scale analysis is done along the heat- 
ing wall where the fluid vertical velocity scale is posi- 
tive). Only one of the two remaining solutions satisfies 
this requirement. 

NUMERICAL METHOD AND RESULTS 

Numerical results are obtained by solving the sys- 
tem of time dependent differential equations (1) (4), 
with appropriate boundary and initial conditions, 
using the finite volume method, Patankar [13]. The 
discretized equations are solved using the SIMPLE 
algorithm with a fully implicit alternating-direction 
Gauss-Seidel method, and the efficient tri-diagonal- 
matrix Thomas algorithm. The present code was vali- 
dated by comparing the results against the results 
reported by Armfield and Patterson [14]. 

Nonuniform grid accuracy tests are performed 
attending for the basic concepts presented in detail by 
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Manole and Lage [15]. Several different grid dis- 
tributions are implemented, depending on the para- 
metric configuration, using never less than 60 grid Nu 
lines in each direction. Numerical results reported here 
are at least 5% accurate based on a 50% increase in 
the total number of grid lines. The quantitative results 
of grid accuracy tests are too comprehensive to be 
presented here because they involve varying two vari- 
ables (total number of grid points and grid base size, 
Manole and Lage [15]) for each physical configuration 
characterized by Pr, Ra, Da, and F. Moreover, a com- 
prehensive study oll this subject is in preparation by 
the authors and it will be submitted for publication in 
the future. Nu 

Convergence of the numerical iterations is achieved 
when the local criterion 

MASK ei+ 1 _ d < 
e i [ 10 3 (15) 

is satisfied. In equation (15) e represents all three main 
variables, U, V and 0, at every location of the dis- 
cretized domain. The indexes i and i+  1 are any two 
consecutive iterations at the same time z. To obtain 
results that are insensitive to the time step selected 
(time discretization error much smaller than con- 
vergence criterion) a minimum of 400 time iterations 
are performed during each heating cycle. 

The parameter 2/~b of equation (4) is set equal to 
one (tk = 0.4, 2 = 0.4), a reasonable approximation 
for values obtained in practical systems, e.g. glass- 
water 1.33, soil-water 1.24. From (pc)s---~b(flc)f+ 

(1-4b)(pC)p, one can show that 2 = ~ is the limiting 
case of an adiabatic solid matrix. Therefore, the results 
presented here are valid also for concentration driven 
convection, if one replaces temperature with con- 
centration and all the thermal parameters with the 
corresponding solutal parameters. 

We note in passing that for values of 2/q~ larger 
than one the thermal inertia of the system increases, 
that is, the system responds slower in time to tem- 
perature variations. We do not believe that using the 
2/~b values listed in the previous paragraph would 
significantly alter our present results because the 
Prandtl number va]ues we consider are relatively low. 
In this case, the energy balance is mainly between 
convection and diffusion. However, for very high-Pr 
systems the thermal inertia term might predominate, 
and consequently, variations in the 2/~b value can 
become important. 

Figure 2 present~; a sample of the numerical results 
for three distinct heating frequencies with Da = 10 4, 
Ra = 10 ~2 and P r - - 0 . 0 2 .  The convection process 
inside the enclosure develops to a periodic regime after 
a certain number of heating cycles (the exact number 
of cycles depends upon the parametric configuration). 
Only two consecutive cycles of the developed periodic 
regime are displayed in Fig. 2. In all cases L / H  = 1, 

A = 0.4, and J = 1. Observe the series of ripples in 
the Nu curve developed during each heating interval 

Nu 

- - Q "  Nu 

1.5 i F=200 I 

0 . 5  ~ , ~ I ~ ~ I ~ , I , ~ , I t ~ ~ 

0 2 4 6 8 l 0  

x[xl0 -3] 
1.5 [ F=1000 

10/I  /I  
0 . 5  ' '  ' ' I ~ ~ , I , , , I , , , I ~ , , 

0 4 8 12 16 20 
"C[×10 --4] 

1.5 

1.o 

I F = 2 0 0 0  I 

0 . 5  i i i I i i i I i i i I i i i I J i , 

2 4 6 8 10 
x [ x l 0  -4] 

Fig. 2. Time evolution of mid-plane Nusselt number for 
Da = 10 -2, Ra = 1012, Pr = 0.02. 

of the low frequency case F -- 200 (top graph). The 
intensity of the system response to the periodic heating 
Q" is indicated by the maximum Nusselt number 
amplitude, Nu . . . .  measured as indicated in the top 
graph. As the heating frequency increases to 1000 
(middle graph) the ripples disappear and the Nusselt 
amplitude increases slightly beyond the heating ampli- 
tude. A further increase in the heating frequency, bot- 
tom graph for F = 2000, yields a drastic drop in the 
Nusselt amplitude. 

In Fig. 3 we show results also for Da -- 10 -4 and 
Ra = 1012, but with Pr = 0.7. Again in this case, rip- 
ples are present in the Nu curve of the low heating 
frequency F = 1250 (top) graph. The ripples dis- 
appear when the frequency is increased to F = 4166 
(middle graph) and the Nusselt amplitude increases 
well beyond the heating amplitude and the Nu ampli- 
tude of Pr = 0.02 case shown in Fig. 2 (top). The 
bottom graph of Fig. 3, for F = 5000, presents a 
reduction in the Nusselt amplitude and no ripples. 

The graphs in Figs. 2 and 3 indicate that the concept 
of resonance frequency introduced by Lage and Bejan 
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Fig. 3. Time evolution of mid-plane Nusselt number for 
Da= 10 -2 , R a =  1012'Pr=0.7. 

(1993) for a Pr = 7 medium can be extended to porous 
systems with different Pr. The graphs also show a 
distinct dependency of the convective response (Nu) 
to the heating frequency (F) for systems with different 
Prandtl  number. 

Figures 4 and 5 show how the maximum value of 
the mid-plane averaged Nusselt number  amplitude 
varies with the heating frequency F, for Da = 10 -2 
(Fig. 4) and for Da = 10 4 (Fig. 5). The Rayleigh 
number  range is 106-108 for Darcy number  10 -2, and 
101° to 1012 for Darcy number  10 -4. Notice that the 
corresponding porous-modified Rayleigh number  
(Rap) range is 104-106 for Darcy number  10 -2, and 
106 to 108 for Darcy number  10-4. The Prandtl  number  
of the porous system varies, being equal to 0.02 (top 
graph), 0.7 (middle graph) and 7 (bottom graph). No 
evidence of resonance was detected for low per- 
meability media (Da ~< 10-6), with Rayleigh numbers 
as high as 10 T M  (Rap = 108). 

From top to bottom, the graphs of Figs. 4 and 5 
indicate the effect of  increasing the Prandtl  number. 
Notice in Fig. 4 that lowering Prandtl  number  has 

0.6 
NUmax 

0.4 

0.2 

Pr = 0.02 I 

- R a  = 108 

10 
F 

10C 

0.6 
NUmax 

0.4 

0.2 "'". 106 "" k "',, \ \ 

10 100 
F 

0.6 
NUmax 

0.4 

0.2 

0 
10 100 

F 
Fig. 4. Prandtl number effect on thermal response of porous 

medium enclosure with Da = 10 -2. 

~ l P r = 7 . 0  ] 

~ = 108 

• ., \106 ,..Iu 

100 

the effect of 'diffusing' the response of the system to 
periodic heating. That  is, the Nusselt number  ampli- 
tude variation with heating frequency becomes 
smoother as Pr decreases from 7 to 0.7, and further 
on to 0.02. 

A common feature of both figures is the variation 
on the number  of 'peaks' of  each Ra curve. For 
instance, in Fig. 4 for Ra = 108, there is only one peak 
when Pr = 0.02, then four peaks are apparent when 
Pr = 0.7, a n d  only two when Pr = 7. In Fig. 5, for 
Ra = 1012 , the number  of peaks is 2, 4 and 2 for 
Prandtl  number  0.02, 0.7, and 7, respectively. This 
indicates that the system becomes 'stiffer' to pulsating 
heat excitation by either increasing or decreasing Pr 
from 0.7. 

Another  common feature is the location of the res- 
onance frequency, that is the frequency leading to the 
maximum average Nusselt number  amplitude. For  
each Ra value the location of the resonance frequency 
moves to the right (increased frequency) as Pr 
increases from 0.02 to 0.7, and from 0.7 to 7. 

Several resonance frequency results are presented 
in Table 1. Some numerical results (indicated with an 
asterisk) of an enclosure filled with fluid only (no 
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Fig. 5. Prandtl number effect on thermal response of porous 

medium enclosure with Da = 10 -4. 

porous  medium)  ob ta ined  by Lage and  Bejan [8] are 
included for completeness.  Not ice  tha t  all theoretical  
estimates are obta ined  with the general model  
reviewed in the previous section. 

The  theoret ical  estimates are within a factor  of  

order  one f rom the numerical  results, being con-  
sistently smaller. The  deviat ion seems to increase 
slightly as the Prandt l  n u m b e r  and /o r  the Darcy  num-  
ber  decrease. These results are remarkable  considering 
the general  mathemat ica l  simplicity of  the theoret ical  
app roach  (scale analysis) and  tha t  the flow inside the 
enclosure is very complex and  the p h e n o m e n o n  highly 
nonl inear .  

Notice in Table  1 how the resonance frequency is 
reduced as the Prandt l  n u m b e r  decreases. This  does 
not  indicate tha t  the thermo-hydraul ic  response of  the 
system to pulsat ing heat ing is slowed down. I f  one 
compares ,  for the same conf igurat ion (v, H, ~b), the 
physical (d imensional)  heat ing per iod rat io for sys- 
tems with different Prandt l  numbers ,  say Pr, and  Pr2, 

the result  is 

Ate,, Fvr~ Prl 

Ate,2 - Fer~ Pr2 " (16) 

F r o m  Table  1 one can  observe tha t  the equivalent  
d imensional  resonance heat ing per iod decreases as the 
Prand t l  n u m b e r  of  the system decreases. F r o m  Prj = 7 
to Pr2 = 0 . 7 ,  for instance with D a - - 1 0  - 4  and  
Ra  = 1012, the porous  system resonance frequency 

drops  approximately  2.5 times, tha t  is Fer, = 2.5 Fern. 
The op t imum dimensional  heat ing  per iod of  
Pr2 = 0.7, f rom equa t ion  (16), is abou t  five t imes 
smaller t han  the op t imum heat ing per iod of  Pr~ = 7. 

Similar calculat ions indicate tha t  the op t imum heat ing  
per iod becomes approximate ly  eight t imes smaller if  
the Prandt l  n u m b e r  goes f rom Pr  = 0.7 to Pr = 0.02. 
The  cor responding  changes in the clear fluid system 
are less dramatic ,  being approximate ly  one and  a ha l f  
t imes smaller for Pr -- 0.7 than  for Pr = 7, and  a b o u t  
six t imes smaller f rom Pr = 0.7 to Pr = 0.01. I t  is t rue 
then tha t  the system responds  faster  to the pulsat ing 
heat ing when  Pr is reduced. 

To look closer into the Prand t l  n u m b e r  effect on  the 

Table 1. Comparison between numerical and theoretical resonance (optimum) frequencies (H/L --- 1, ~b = 0.4, 2 = 0.4, J = 1) 

Clear fluid Da = 10 -2 Da = 10 -a 

P r =  7 
Ra 107 108 1 0  9 1 0  6 10  7 108 10 l° 1011 10 u 
Numerical 250 588 1666 33 114 294 1219 4000 10000 
Theoretical 120.7 303.3 761.9 18.7 48.0 120.8 562.6 1484.5 3799.2 
Numerical/theoretical 2.07 1.94 2.19 1.76 2.38 2.43 2.17 2.69 2.63 

Pr = 0.7 
Ra 1 0  6 1 0  7 1 0  8 1 0  6 10  7 108 10 I° 1011 10 lz 
Numerical 41.8" 105.8" 209.2* 18 50 125 625 1613 4166 
Theoretical 28.8 72.4 181.8 10.6 26.3 65.1 247.3 628.9 1584.3 
Numerical/theoretical 1.45 1.46 1.15 1.70 1.90 1.92 2.53 2.56 2.63 

Pr = 0.01 Pr = 0.02 Pr = 0.02 
Ra 1 0  6 1 0  7 - -  1 0  6 10  7 108 10 I° l0 II 10 u 
Numerical 8* 14.9" 5 10 25 152 417 1000 
Theoretical 1.8 4.6 - -  1.2 2.8 6.7 25.7 63.9 159.3 
Numerical/theoretical 4.44 3.24 - -  4.17 3.57 3.73 5.91 6.53 6.28 

* From Lage and Bejan ref [8]. Note that the results from ref. [8] need to be transformed using F = Fz~n (RaPr) t/2 due to 
the different time scale used by the authors. 
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Fig. 6. Optimum (resonance) frequency vs Prandtl number. 

resonance frequency we present in Fig. 6 the optimum 
(resonance) frequency Fopt of each porous system 
(Da = 10 -z top, and Da = 10 -4 bottom) vs the 
Prandtl number. We noticed the similar shape of the 
curves in each graph, and this prompted us to go 
back to the theoretical analysis and investigate the 
functional dependency of Fv and Pr. Unfortunately, 
the scheme proposed by Antohe and Lage [7] requires 
the numerical solution of a system of equations to find 
Fv. However, the simpler analysis presented by Antohe 
and Lage [6] leads to a close form solution for Fv. 
Neglecting the Brinkman effect (correct on a scale 
sense) and assuming that the Darcy effect is negligible 
(notice we are dealing here with reasonably high 
Darcy number values) the expression for Fv from 
Antohe and Lage [6] is simplified to : 

[4~p2Ra4/SDa '/'°Pr(1 + 0"143~b'/z_~T/z 
q~ Da '12 /J 

Fv - ~ ( 0.143q~1/2 ) 

1 + Dal/~ -) 

(17) 

The two terms within parentheses refer to the con- 
vective inertia and to the Forchheimer effects, respec- 
tively. The next step is to assume either case separ- 
ately, that is, consider a predominating convective 
inertia effect and obtain 

Fv ~ dp2PrJ/2Ra~SDa 9/2o. (18) 

Next, consider the Forchheimer effect predominating 
over the inertia effect and find 

[- 4 9 / 4  -] 
/ I D o l / 2 0 " 2 / 5  n ~ - -  a/e° (19) 

Fv - L 4 ( 0 . q ~ ) ' / i J  . . . . .  D ~ -  • 

The group (prl/2Ra~ 5) appears in both cases, indi- 
cating that the resonance frequency varies with the 
square root of the Prandtl number. The main differ- 
ence between these two extreme cases resides in the 
Darcy exponent, equal to -0 .45  ( -9 /20)  for pre- 
dominating convective inertia and to -0 .20  ( -4/20)  
if Forchheimer predominates. We compare both 
options with the numerical results and obtain the best 
agreement when the exponent is equal to -0 .35  
( -  7/20), that is close to the average value of the other 
two. We demonstrate the accuracy of this result in 
Fig. 7, where Fopt/(Da 7/2°Ra~/5) is plotted (using the 
numerical values of Fort from Table 1) against Pr ~/2 
for several configurations. The straight line indicates 
how well the predicted Pr dependency correlates the 
numerical results. It also provides the correct constant 
for the final equation 

Fop t = 0.09Da- 7/20 RaZo/5 prl/2. (20) 

The deviation of cases Da = 10 -2 and Ra = 106,  and 
Da = 10 4 and Ra = 10 l°, at Pr = 7 (shown next to 
the brace), might result from the uncertainties associ- 
ated with determining precisely the resonance values 
for these cases by numerical simulations. Revisiting 
Figs. 4 and 5 one notices that the Nu vs F curves for 
these cases are relatively flat which makes the precise 
determination of the resonance frequency value very 
demanding. The deviation is not very important 
because the resonance is very weak for these two cases 
anyhow. 

It is worth comparing equation (20) with the results 
obtained by Lage and Bejan [8] for a fluid enclosure. 
Using the present nomenclature, their results are 
Fop t ~ Ra 2/s if Pr > 1, and Fop t ~ Ra2/Spr 1/5 if Pr <~ 1. 
Notice that the Ra effect is basically the same. The 
dual Pr effect is a consequence of the momentum 
diffusion term that can not be neglected when dealing 
with a fluid system. 

Figures 8 and 9 present the evolution of the stream- 
lines and isotherms, respectively, during one heating 
cycle at resonance heating frequency for Da = 10 -2 
and Ra = 108. The cases of Pr = 0.02, 0.7 and 7 are 
seen side by side for comparison. The streamlines and 
isotherms are equally spaced in all cases. The frames 
of each figure form a time sequence proportional to 
the half-heating period f~ (or to the heating frequency, 
F =  1/2f~) of each configuration as indicated to the 
left of the frames. The sequence starts at the beginning 
of the high heating cycle. These figures help under- 
stand why the thermal response of the system (res- 
onance intensity) decreases either by increasing or 
decreasing Pr from 0.7. 

We initially notice that the Prandtl number value 
of 0.7 is the closest to an equilibrium between viscous 
and thermal diffusivities (ideally, Pr = 1). As the Pr 
value deviates from this equilibrium value the system's 
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Fig. 8. Streamlines from numerical simulations for Da = 10 -2, R a  = 10 s. The corresponding heating 

frequency of each P r  case is found in Table 1. 
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Fig. 9. Isotherms from numerical simulations for Da = 10 -2, Ra = 108. The corresponding heating fre- 
quency of each Pr case is found in Table 1. 

response is hindered. We hypothesize that the system 
response is related to a dual and equivalent effect of  
viscous and thermal diffusivities. 

Consider for instance the case P r  < 1, where ther- 
mal diffusivity prevails. In this case, with high heat 
diffusion, the heat transferred to the enclosure (same 
for all cases of  Figs. 8 and 9 because the Rayleigh 
number value is the same in all cases) can be trans- 
ported with smaller temperature gradients than for 
Pr />  1 (see how the isotherms of  P r  = 0.02, Fig. 9, 
are smoother and more distant from the walls than 
those of  Pr  0.7 and 7). But smaller temperature gradi- 
ents reduce buoyancy which reduces the natural con- 
vection strength within the enclosure. Observe that 
only one distinct flow cell is visible during the heating 
cycle o f P r  = 0.02, while two flow cells are present for 
Pr  = 0.7 and Pr  = 7. We can then expect the Pr  < 1 

system to be less responsive to periodic heating. 
A system with Pr  > 1 entails a strong viscous 

diffusion mechanism, that is, a large port ion of  fluid 

moves with smaller speed for the same inertia (thicker 
momentum boundary layers). The viscous drag effect 
of  the porous medium is also increased. In this case 
the natural convection strength is expected to be 
reduced as well because the buoyancy-induced inertia 
is diffused through a larger fluid region and more 
effectively dissipated (notice how the bouncing-like 
effect of  the upward flow jet  in the top right region of  
the frames in Fig. 8, for Pr  = 0.7, is minimized when 
Pr  = 7). Therefore, the system convective response is 
also reduced when Pr  > 1. 

In conclusion, systems with Pr  ~ 1 provide a better 
balance between thermal and viscous diffusion when 
it comes to convective strength under time periodic 
heating. 

CONCLUSIONS 

The Prandtl  number effect on the natural con- 
vection response of  enclosures filled with a fluid satu- 
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rated porous medium, and under pulsating heating 
from one side, is investigated and compared with the 
Prandtl number effect on the response of  fluid filled 
enclosures. The convection activity is monitored with 
the surface averaged heat transfer crossing the mid- 
plane of  the enclosure. As the frequency of  heat pul- 
sation increases the heat transfer amplitude presents 
several local maxima. The heating frequency of  
maximum response (highest heat flux amplitude) is 
referred to as the resonance heating frequency of  the 
system. 

The resonance frequency value of  porous systems 
varies with Pr 1/2, as predicted theoretically and con- 
firmed numerically. Moreover,  the convection activity 
inside the enclosure decreases when Pr is increased or 
decreased from a value of  order one. This phenom- 
enon is explained physically by considering the hin- 
dering effect of  a more viscous system (high Pr) on 
the convection in,fide the enclosure, and the damping 
effect of  a higher thermal diffusivity system (low Pr) 
via smoothed temperature gradients and reduced 
buoyancy (convection). Evidence supporting these 
hypotheses is presented by the time evolution of  
streamlines and isotherms during one heating cycle, 
for systems havirLg a Prandtl number equal to 0.02, 
0.7 and 7. 
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